HOMOTOPICALLY EQUIVALENT SIMPLE LOOPS ON 
2-BRIDGE SPHERES IN 2-BRIDGE LINK COMPLEMENTS 

(I) 

DONGHI LEE AND MAKOTO SAKUMA 

Abstract. In this paper and its sequels, we give a necessary and sufficient 
condition for two essential simple loops on a 2-bridge sphere in a 2-bridge 
link complement to be homotopic in the link complement. This paper treats 
the case when the 2-bridge link is a (2, p)-torus link and its sequels will treat 
the remaining cases. 
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1. Introduction 

Let K be a 2-bridge link in S 3 and let S be a 4-punctured sphere in S 3 — K 
obtained from a 2-bridge sphere of K. In j3] , we gave a complete characteriza- 
tion of those essential simple loops in S which are null-homotopic in S 3 — K, 
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and by using the result, we described all upper-meridian-pair-preserving epi- 
morphisms between 2-bridge link groups. The purpose of this paper and its 
sequels is to give a necessary and sufficient condition for two essential simple 
loops on S to be homotopic in S 3 — K. In this paper, we treat the case when 
the 2-bridge link is a (2,p)-torus link (Main Theorem 12.71) . The remaining 
cases will be treated in the sequels of this paper, and these results will be used 
to show the existence of a variation of McShane's identity for 2-bridge links 
(cf. [11]). For an overview of this series of works, we refer the reader to the 
research announcement [5]. 

This paper is organized as follows. In Section [2J we recall basic facts con- 
cerning 2-bridge links, and describe the main result of this paper. In Section [3l 
we recall the upper presentation of a 2-bridge link group, and recall key facts 
established in [I] concerning the upper presentation. In Section [U we estab- 
lish a very strong structure theorem (Theorem 14.91 and Corollary 14. llj) for the 
annular diagram which arises in the study of the conjugacy problem by using 
small cancellation theory. Sections and M are devoted to the proof of the 
main result. In the final section, Section we give a topological proof of the 
if part of the main theorem. 

2. Main result 

Consider the discrete group, H, of isometries of the Euclidean plane M 2 
generated by the 7r-rotations around the points in the lattice Z 2 . Set (S 2 , P) : = 
(R 2 ,Z 2 )/if and call it the Conway sphere. Then S 2 is homeomorphic to the 
2-sphere, and P consists of four points in S 2 . We also call S 2 the Conway 
sphere. Let S := S 2 — P be the complementary 4-times punctured sphere. For 
each r e Q := Q U {oo}, let a r be the unoriented simple loop in S obtained 
as the projection of a line in M. 2 — Z 2 of slope r. Then a r is essential in S, 
i.e., it does not bound a disk nor a once-punctured disk in S. Conversely, any 
essential simple loop in S is isotopic to a r for a unique r G Q. Then r is 
called the slope of the simple loop. Similarly, any simple arc 5 in S 2 joining 
two different points in P such that 5 fl P = d5 is isotopic to the image of a 
line in M 2 of some slope r e Q which intersects Z 2 . We call r the slope of S. 

A trivial tangle is a pair (B 3 , t), where B 3 is a 3-ball and t is a union of two 
arcs properly embedded in B 3 which is parallel to a union of two mutually 
disjoint arcs in dB 3 . By a rational tangle, we mean a trivial tangle {B 3 ,t) 
which is endowed with a homeomorphism from d(B 3 ,t) to (S 2 ,P). Through 
the homeomorphism we identify the boundary of a rational tangle with the 
Conway sphere. Thus the slope of an essential simple loop in dB 3 —t is defined. 
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We define the slope of a rational tangle to be the slope of an essential loop on 
dB 3 — t which bounds a disk in B 3 separating the components of t. (Such a 
loop is unique up to isotopy on dB 3 — t and is called a meridian of the rational 
tangle.) We denote a rational tangle of slope r by (B 3 , t(r)). By van Kampen's 
theorem, the fundamental group tti(B 3 — t(r)) is identified with the quotient 
tti(S) / ((a r )) , where ((at r )) denotes the normal closure. 

For each r G Q, the 2-bridge link K(r) of slope r is defined to be the 
sum of the rational tangles of slopes oo and r, namely, (S 3 , K(r)) is obtained 
from (B 3 ,t(oo)) and (B 3 ,t(r)) by identifying their boundaries through the 
identity map on the Conway sphere (S 2 ,P). (Recall that the boundaries of 
rational tangles are identified with the Conway sphere.) By van Kampen's 
theorem again, the link group G(K(r)) := tti(S 3 — K(r)) is identified with 
iri(S)/ ((ojoo, a r )). Note that K(r) has one or two components according as the 
denominator of r is odd or even. We call (-B 3 , t(oo)) and (B 3 , t(r)), respectively, 
the upper tangle and lower tangle of the 2-bridge link. 

Let D be the Farey tessellation, that is, the tessellation of the upper half 
space H 2 by ideal triangles which are obtained from the ideal triangle with 
the ideal vertices 0, 1, oo G Q by repeated reflection in the edges. Then Q is 
identified with the set of the ideal vertices of T>. For each r G Q, let r r be the 
group of automorphisms of T> generated by reflections in the edges of T> with 
an endpoint r. It should be noted that T r is isomorphic to the infinite dihedral 
group and the region bounded by two adjacent edges of V with an endpoint 
r is a fundamental domain for the action of T r on H 2 , by virtue of Poincare's 
fundamental polyhedron theorem (see, for example, [5]). Let T r be the group 
generated by T r and T^. When r G Q — Z, T r is equal to the free product 
r, r * Too, having a fundamental domain shown in Figure HJ Otherwise, r r is 
the group generated by the edges of V or according as r G Z or r = oo. 

The following simple observation was made in [7]. 

Proposition 2.1 ([TJ Proposition 4.6]). If two elements s and s' of Q belong 
to the same orbit T r - orbit, then the unoriented loops a s and a s i are homotopic 
in S 3 -K(r). 

Thus the following question naturally arises. 

Question 2.2. Is the converse to the above proposition valid? If not, when are 
two essential simple loops on a 2-bridge sphere in a 2-bridge link complement 
homotopic in the link complement? 

If r = oo, then G(K(oo)) is a rank 2 free group, and the result of Komori 
and Series [31 Theorem 1.2] is equivalent to the affirmative answer to the first 
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Figure 1 . A fundamental domain of f r in the Farey tessella- 
tion (the shaded domain) for r = 5/17 = =: [3, 2, 2]. 




question in the above. In [1], we gave the following complete characterization 
of those essential simple loops on 2-bridge spheres of 2-bridge links which are 
null-homotopic in the link complements. 

Theorem 2.3 ([4, Main Theorem 2.3]). The loop a s is null-homotopic in 
S 3 — K(r) if and only if s belongs to the T r -orbit of oo or r. 

The purpose of this paper and its sequels is to solve the above question. In 
this paper, we give an answer to the question for the (2,p)-torus link K(l/p) 
(Main Theorem 12 .70 . 

In order to state the main result, we introduce a notation. For a rational 
number r — 1/p (p > 1), let r be the automorphism of the Farey tessellation 
defined as follows: 

(i) If p = 2p for some po G Z + , then r is the reflection in the Farey edge 
(0,1/po). 

(ii) If p = 2po + 1 for some po G Z + , then r is the reflection in the geodesic 
with an endpoint which bisects the Farey edge {l/po, l/(po+l)). Thus 
r is the reflection in the geodesic with endpoints and 2/(2p + 1). 

In both cases, r is the reflection in the geodesic with endpoints and 2/p, 
and interchanges oo with 1/p (see Figure [7j). Moreover, the action of r on 
the vertex set Q of the Farey tessellation is given by r(c/d) = c/(cp — d) 
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(see Lemma I77T1) . In particular, if r(qi/pi) = q 2 /p2, where (p*, <&) is a pair of 
relatively prime positive integers, then q 1 = q 2 and q\/{p\ + P2) = 

Set Tx/p = (ri/ p ,r), the group generated by Tu p and r. Then T 1 / p is a 
^-extension of Ti/ P - Now our main theorem is stated as follows. 

Main Theorem 2.4. Let p > 2 be an integer. Then, for two distinct s, s' G Q, 
the unoriented loops a s and a s > are homotopic in S 3 — K(l/p) if and only if 
one of the following holds. 

(1) s and s' lie in the same Ti/ p -orbit. 

(2) s and s' are contained in the union ofTi/ p -orbits of 00 and 1/p. In this 
case, both a s and a s > are null-homotopic in S 3 — K(l/p). 

In the following, we give a reformulation of the main theorem so that it 
is more suitable for the proof. Suppose that r is a rational number with 
< r < 1. Write 

r = =: [mi, m 2 , . . . , mJ, 



nil + 



m 2 + 



1 

+ — 



where k > 1, (mi, . . . , m^) G (Z + ) fc , and m^ > 2. Recall that the region, R, 
bounded by a pair of Farey edges with an endpoint 00 and a pair of Farey 
edges with an endpoint r forms a fundamental domain of the action of T r on 
H 2 (see Figured]). Let h(r) and -^(O be the closed intervals in K. obtained as 
the intersection with R of the closure of R. To be precise, I\{r) = [0,ri] and 
J 2 (r) = [r 2 , 1], where 

[mi, m 2 , • • • , rn k _i] if k is odd, 

[mi, ni2, . . . , mfc_i, m k — 1] if k is even, 

[mi, m 2 , . . . , nik-i, — 1] ii k is odd, 
[mi, m2, . . • , rrik-i] if /c is even. 
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If r = 1/p (p > 1), then I\{r) is degenerate to the singleton {0}. And if 
r = (p—l)/p (p > 1), then hir) is degenerate to the singleton {1}. Otherwise, 
ii(r) and l2{ r ) are non-degenerate intervals, and the union Ii(r) U/2( r ) forms 
a fundamental domain of the action of T r on the domain of discontinuity of 
r r , the complement in R of the closure of r r {oo,r}. (In the exceptional case 
r = 1/p (resp. (p — l)/p), the rational number (resp. 1) lies in the limit 



set and -?2( r ) (resp. h(r)) is a fundamental domain of the action of T r on the 
domain of discontinuity.) 

Lemma 2.5 (jU Lemma 7.1]). Suppose < r < 1. Then, for any s 6 Q, 
there is a unique rational number s £ h{ r ) U /2( r ) U {oo,r} suc/i that s is 
contained in the T r -orbit of sq, and in particular, a s is homotopic to a so in 
S 3 -K(r). 

Thus the only if part of Theorem 12.31 is equivalent to the following theorem, 
except for the the trivial knot K(0) and the trivial 2-component link K(oo). 

Theorem 2.6 ([4, Theorem 7.2]). Suppose < r < 1. Then, for any rational 
number s e U h^), cts is not null-homotopic in S 3 — K(r). 

We can now reformulate our main theorem. 

Main Theorem 2.7. Let p > 2 be an integer. Then, for two distinct rational 
numbers s, s' G Jx(l/p)U/2(l/p), the unoriented loops a s anda s i are homotopic 
in S 3 — K{l/p) if and only if s = qi/pi and s' = qijp2 satisfy q\ = q<i and 
qi/(pi+P2) = 1/P; where (pi,qi) is a pair of relatively prime positive integers. 

We prove this main theorem by interpreting the situation in terms of com- 
binatorial group theory. In other words, we prove that two words representing 
the free homotopy classes of a s and a s > are conjugate in the 2-bridge link group 
G(K(l/p)) if and only if s and s' satisfy the conditions given in the statement 
of the theorem. The key tool used in the proof is small cancellation theory, 
which is one of the representative geometric techniques in combinatorial group 
theory, applied to reduced annular diagrams over 2-bridge link groups. The 
proof of the if part is contained in Section [5j and the only if part in Section [61 
The topological proof of the if part is also discussed in Section [71 

3. Preliminaries 

In this section, we introduce the upper presentation of a 2-bridge link group, 
and recall key facts established in [1] concerning it. 

To find a presentation of the 2-bridge link group G(K(r)) explicitly, let 
a and b, respectively, be the elements of iii(B 3 — t(oo),x ) represented by 
the oriented loops H\ and \ii based on x as illustrated in Figure [21 Then 
{a, b} forms the meridian pair of iri(B 3 — t(oo)), which is identified with the 
free group F(a,b). Note that /ij intersects the disk, Si, in B 3 bounded by a 
component of t(oo) and the essential arc, 7,, on d(B 3 , t(oo)) = (S 2 , P) of slope 
1/0, in Figure [21 Obtain a word u r in {a, b} by reading the intersection of the 
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(suitably oriented) loop a r with ji U 72, where a positive intersection with ji 
(resp. 72) corresponds to a (resp. b). Then the cyclic word (u r ) represents the 
free homotopy class of the (oriented) loop a r (see the preceding paragraph of 
Definition 13.31 for the precise definition of a cyclic word). It then follows that 

G{K{r)) = MS 3 - K{r)) - n^B 3 - t(oo))/«a r » 
^ F{a,b)/((u r )) = (a,b\u r ). 

This one-relator presentation is called the upper presentation of G(K(r)) (see 
[2]). If r 7^ 00, then a r intersects 71 and 72 alternately, and hence a and b 
appear in (u r ) alternately. It is known by [9[ Proposition 1] that there is a 
nice formula to find u r as follows (see [H Remark 1] for a geometric picture). 




FIGURE 2. n\(B 3 — t(oo),x ) = F(a,b), where a and b are 
represented by \i\ and /i 2 , respectively. 

Lemma 3.1. Let p and q be relatively prime positive integers such that p > 1. 
For 1 < i < p — 1, let 

ej = (-l)W*J, 
where [x\ is the greatest integer not exceeding x. 

(1) If p is odd, then 

u q/p = au q/p ¥ > u q/p , 

where u q / p = b ei a e ' 2 ■ ■ ■ fe e p- 2 a £p_1 . 

(2) If p is even, then 

U q/p = OUq/ p a U q/ p i 

where u q / p = b ei a 62 ■ ■ ■ a^- 2 ^- 1 . 

7 



Remark 3.2. For r = 0/1 and r = 1/0, we have «o/i = a b and uuo = 1. 

We now define the sequence S(r) and the cyclic sequence CS(r) of slope 
r both of which arise from the single relator u r of the upper presentation 
G(K{r)) = (a,b\u r ), and review several important properties of these se- 
quences from |4j so that we can adopt small cancellation theory in Section HI 

We first fix some definitions and notation. Let X be a set. By a word in 
X, we mean a finite sequence x e ±x 2 2 ■ ■ ■ x^ where i ; 6 I and ej = ±1. Here 
we call xf the i-th letter of the word. For two words u, v in X, by u = v 
we denote the visual equality of u and v, meaning that if u = x e ^ ■ ■ ■ x e ™ and 

v = yi 1 ■ ■ ■ ( x i> Vj e x 'i e h &3 = ±1), then n = m and x { = y { and e { = 5 { 
for each i = 1, . . . , n. For example, two words and X\X 3 (xi G X) 

are not visually equal, though and ^1X3 are equal as elements of the 

free group with basis X. The length of a word v is denoted by \v\. A word v 
in X is said to be reduced if v does not contain xx~ l or x~ x x for any x G X. A 
word is said to be cyclically reduced if all its cyclic permutations are reduced. 
A cyclic word is defined to be the set of all cyclic permutations of a cyclically 
reduced word. By (v) we denote the cyclic word associated with a cyclically 
reduced word v. Also by (u) = (v) we mean the visual equality of two cyclic 
words (u) and (t>). In fact, (u) = (t>) if and only if v is visually a cyclic shift 
of u. 

Definition 3.3. (1) Let v be a reduced word in {a,b}. Decompose v into 

v = v x v 2 ---v u 

where, for each i — 1, . . . , t — 1, all letters in V{ have positive (resp. negative) 
exponents, and all letters in v i+1 have negative (resp. positive) exponents. 
Then the sequence of positive integers S(v ) := (\v%\, \v 2 \, ■ ■ ■ , \v t \) is called the 
S-sequence of v. 

(2) Let {y) be a cyclic word in {a, b}. Decompose (t>) into 

(v) = (v x v 2 ■ --vt), 

where all letters in t>j have positive (resp. negative) exponents, and all letters 
in Vi + \ have negative (resp. positive) exponents (taking subindices modulo t). 
Then the cyclic sequence of positive integers CS{y ) := ((|t>i|, \v 2 \, ■ ■ ■ , |ft|)) is 
called the cyclic S-sequence of (v). Here the double parentheses denote that 
the sequence is considered modulo cyclic permutations. 

(3) A reduced word v in {a, b} is said to be alternating if a and b appear 
in v alternately, i.e., neither a ±2 nor appears in v. A cyclic word (v) is said 
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to be alternating if all cyclic permutations of v are alternating. In the latter 
case, we also say that v is cyclically alternating. 

Definition 3.4. For a rational number r with < r < 1, let G(K(r)) = 
(a,b\u r ) be the upper presentation. Then the symbol S(r) (resp. CS(r)) 
denotes the S'-sequence S(u r ) of u r (resp. cyclic S-sequence CS(u r ) of (u r )), 
which is called the S-sequence of slope r (resp. the cyclic S-sequence of slope 
r). 

Lemma 3.5 ([H Proposition 4.1 and Lemma 5.2]). (1) An alternating word 
in {a, b} is completely determined by the initial letter and the associated S- 
sequence. 

(2) Suppose that r is a rational number with < r < 1. Let w be an 
arbitrary cyclic permutation of the single relator u r of the upper presentation 
ofG(K(r)). Then the set 

{the initial letter of w' | (w') = (uf 1 ) and S(w') = S(w)} 

equals {a, a -1 , b, b^ 1 }. 

The above lemma implies that the cyclic word {uf 1 ) is completely deter- 
mined by the cyclic S'-sequence CS(r), to be precise, an alternating word w' 
is a cyclic permutation of uf 1 if and only if w' satisfies S(w') = S(w) for some 
w a cyclic permutation of u r . 

Lemma 3.6 ([H Lemma 4.8 and Proposition 4.2]). Suppose that r = q/p is 
a rational number with < r < 1, where p and q are relatively prime positive 
integers. Then the following hold. 

(1) The sequence S(r) has length 2q, and its j-th term Sj(r) is given by the 
following formula (1 < j < 2q): 

s j( r ) = {.jp/il* - IU - i)p/?J*, 

where [a^J* is the greatest integer smaller than x. 

(2) The sequence S(r) represents the cyclic sequence CS(r). Moreover the 
cyclic sequence CS(r) is invariant by the half-rotation; that is, if Sj(r) 
denotes the j-th term of S(r) (1 < j < 2q), then Sj(r) = s q+ j(r) for 
every integer j (1 < j < q). 

Remark 3.7. For r = 0, we have S(u ) = (2) by Remark 13.21 

Proposition 3.8 ([H Propositions 4.3 and 4.5]). Suppose that r is a ratio- 
nal number with < r < 1. Write r = [mi, 777.2, ■ ■ ■ , mk\, where k > 1, 
(mi, . . . ,rrik) G (Z + ) fc and > 2 unless k — 1. Put m = m\. Then we have 
the following. 
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(1) Suppose k = 1, i.e., r = 1/m. Then S(r) = (m, m). 

(2) Suppose k > 2. Then each term of S(r) is either m or m + 1, and S(r) 
begins with m + 1 and ends with m. 

Moreover, the sequence S(r) has a decomposition (Si, S 2 , Si, S 2 ) which satisfies 
the following. 

(1) Each Si is symmetric, i.e., the sequence obtained from Si by reversing 
the order is equal to Si. (Here, Si is empty if k = 1.) 

(2) Each Si occurs only twice in the cyclic sequence CS(r). 

(3) Si begins and ends with m + 1. 

(4) S 2 begins and ends with m. 

Corollary 3.9 (|U Corollary 4.6]). For a rational number r with < r < 1, 
CS(r) is symmetric, i.e., the cyclic sequence obtained from CS(r) by reversing 
its cyclic order is equivalent to CS(r) (as a cyclic sequence). 

Lemma 3.10. Suppose that r is a rational number with < r < 1. Let S(r) = 
(Si, S 2 , Si, S 2 ) be as in Proposition ^. 8[ Then, for any / s £ h( r ) U I 2 (r), 
the following hold. 

(1) The cyclic S-sequence CS(s) does not contain (Si, S 2 ) nor (S 2 , Si) as a 
subsequence. 

(2) If r — 1/p (p > 2), then CS(s) consists of integers less than p. 

In the above lemma (and throughout this paper), we mean by a subsequence 
a subsequence without leap. Namely a sequence (ai, a 2 , . . . , a p ) is called a sub- 
sequence of a cyclic sequence, if there is a sequence (b%, b 2 , ■ ■ ■ , b n ) representing 
the cyclic sequence such that p < n and dj = fej for 1 < i < p. 

Proof. The first assertion follows from jH Lemma 7.3 and Remark 5]. To show 
the second assertion, assume r = 1/p. Since 7^ s G Ji(l/p) U I 2 (l/p), s has 
a continued fraction expansion s = [h, ■ ■ ■ ,h], where t > 1, (li, . . . , l t ) G (Z + )' 
and It > 2 unless t = 1, such that either both li = p — 1 and t = 1 or both 
< h < p — 2 and t > 1. If £1 = p — 1 and i = 1, then s = l/(p — 1) and 
CS(s) = ((p — l,p — 1)); so the assertion holds. If < /1 < p — 2 and £ > 1, 
then each component of CS(s) is equal to /1 < p — 2 or ^ + 1 < p — 1 by 
Proposition 13. 8( so the assertion holds. □ 

Remark 3.11. If r 7^ 1/2, then the conclusions of Lemma 13.101 holds even 
for s = 0. In fact, if r 7^ 1/2, then either (i) r = 1/p with p > 3 and so 
S(r) = (p,p) = (S 2 ,S 2 ), where Si is empty, or (ii) both Si and S2 are non- 
empty. Since CS(uo) = ((2)) by Remark 13. 7\ this implies the conclusions of 
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Lemma 13.101 for s = 0. However, if r = 1/2, then none of the assertions of 
Lemma [3.101 holds for s = 0. 



In the remainder of this section, we recall the small cancellation conditions 
for the 2-bridge link groups established in [4]. 

Let F(X) be the free group with basis X. A subset R of F(X) is said to be 
symmetrized, if all elements of R are cyclically reduced and, for each w G R, 
all cyclic permutations of w and w~ 1 also belong to R. 

Definition 3.12. Suppose that R is a symmetrized subset of F(X). A 
nonempty word b is called a piece if there exist distinct Wi,w 2 G R such 
that Wi = bci and w 2 = bc 2 - The small cancellation conditions C(p) and T(q), 
where p and q are integers such that p > 2 and q > 3, are defined as follows 
(see 

(1) Condition C(p): If w G -R is a product of n pieces, then n > p. 

(2) Condition T(q): For ui\, . . . , w n G R with no successive elements Wi, 

an inverse pair (i mod n), if n < q, then at least one of the products 
W1W2, • • • , w n -iw n , w n wi is freely reduced without cancellation. 

The following proposition enables us to apply the small cancellation theory 
to our problem. 

Proposition 3.13 ([H Theorem 5.1]). Suppose that r is a rational number 
with < r < 1. Let R be the symmetrized subset of F(a,b) generated by the 
single relator u r of the upper presentation of G(K(r)) . Then R satisfies C(4) 
andT(A). 

At the end of this section, we recall a key fact concerning the cyclic word 
(u r ), which is used in the proof of the main theorem in Section [61 (In fact, 
it is also used in the proof of Proposition 13.131 above and that of Lemma 14.101 
implicitly.) 

Definition 3.14. For a positive integer n, a non-empty subword w of the 
cyclic word {u r ) is called a maximal n-piece if w is a product of n pieces and 
if any subword w' of u T which properly contains w as an initial subword is not 
a product of n-pieces. 

Lemma 3.15 ([H Corollary 5.4(1)]). Let p > 2 be an integer, and let u\i p be 
the single relator of the upper presentation of G(K{l/p)) . Recall that S(l/p) = 
S{u\/ P ) = (p,p), and decompose 

Ui/p = v 2 v 4 , 
11 



where S(v2) = S(v^) = (p). Let v* b be the maximal proper initial subword of 
Vi, i.e., the initial subword of Vi such that \v* b \ = \vi\ — 1 (i = 2,4). Then the 
following hold, where v^ and V{ e are nonempty initial and terminal subwords 
of Vi with \vib\, \vi e \ < \vi\ — 1, respectively. 

(1) The following is the list of all maximal 1-pieces of (uu p ), arranged in 
the order of the position of the initial letter: 

^26) V 2ei v lbi u 4e- 

(2) The following is the list of all maximal 2-pieces of (uu p ), arranged in 
the order of the position of the initial letter: 

4. Annular diagrams over 2-bridge link groups 

In this section, we establish a very strong structure theorem (Theorem 14.91 
and Corollary 14.111) for the annular diagram which arises in the study of the 
conjugacy problem by using the small cancellation theory. The structure the- 
orem forms a foundation of the whole papers in this series. 

Let us begin with necessary definitions and notation following [6J. A map 
M is a finite 2-dimensional cell complex embedded in R 2 . To be precise, M is 
a finite collection of vertices (0-cells), edges (1-cells), and faces (2-cells) in R 2 
satisfying the following conditions. 

(i) A vertex is a point in R 2 . 

(ii) An edge is homeomorphic to an open interval such that e = eU{a}U{6}, 
where a and b are vertices of M which are possibly identical. 

(iii) For each face D of M, there is a continuous map / from the 2-ball B 2 
to R 2 such that 

(a) the restriction of / to the interior of B 2 is a homeomorphism onto 
D, and 

(b) the image of dB 2 is equal to U" =1 ej for some set {ei, . . . ,e n } of 
edges of M. 

The underlying space of M, i.e., the union of the cells in M, is also denoted 
by the same symbol M. The boundary (frontier), dM, of M in R 2 is regarded 
as a 1-dimensional subcomplex of M. An edge may be traversed in either of 
two directions. If v is a vertex of a map M, (Im{v), the degree of v, will denote 
the number of oriented edges in M having v as initial vertex. 

A path in M is a sequence of oriented edges ei, . . . , e n such that the initial 
vertex of ej+i is the terminal vertex of for every 1 < % < n — 1. A cycle is a 
closed path, namely a path e±, . . . , e n such that the initial vertex of e\ is the 
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terminal vertex of e n . If D is a face of M, any cycle of minimal length which 
includes all the edges of the boundary, dD, of D is called a boundary cycle of 
D. By cIm{D), the degree of D, we denote the number of oriented edges in a 
boundary cycle of D. 

Definition 4.1. A non-empty map M is called a [p,q]-map if the following 
conditions hold. 

(i) dM(v) > p for every vertex v G M — <9M. 

(ii) dM(D) > q for every face Z) G M. 

Definition 4.2. Let i? be a symmetrized subset of F(X). An R-diagram is a 
map M and a function assigning to each oriented edge e of M, as a Zafre/, a 
reduced word 0(e) in X such that the following hold. 

(i) If e is an oriented edge of M and e -1 is the oppositely oriented edge, 
then 0(e _1 ) = 0(e) -1 . 

(ii) For any boundary cycle 5 of any face of M, 0(5) is a cyclically reduced 
word representing an element of R. (If a — e^, . . . , e n is a path in M, 
we define 0(a) = 0(ei) • ■ ■ 0(e n ).) 

Let Di and D 2 be faces (not necessarily distinct) of M with an edge e C 
dDi fl c!D 2 . Let e<5i and <5 2 e -1 be boundary cycles of D 1 and .D 2 , respectively. 
Let 0(5i) = /i and 0(<5 2 ) = /2- An i?-diagram M is said to be reduced if one 
never has / 2 = /£" . 

It is easy to observe that we may assume the following convention (see jU 
Convention 1]). 

Convention 4.3. Let R be the symmetrized subset of F(a, b) generated by 
the single relator u r of the upper presentation of G(K(r)). For any i?-diagram 
M, we assume that M satisfies the following. 

(1) dM{v) > 3 for every vertex v G M — dM. 

(2) For every edge e of dM, the label 0(e) is a piece. 

(3) For a path e±, . . . , e n in dM of length n > 2 such that the vertex e^ fl 
e i+ i has degree 2 for % — 1, 2, . . . , n — 1, 0(ei)0(e 2 ) • ■ ■ 0(e n ) cannot be 
expressed clS cl product of less than n pieces. 

The following corollary is immediate from Proposition 13.131 and Conven- 
tion EH 

Corollary 4.4 ([H Corollary 6.2]). Suppose that r is a rational number with 
< r < 1. Let R be the symmetrized subset of F(a,b) generated by the 
single relator u r of the upper presentation of G(K(r)) . Then every reduced 
R-diagram is a [4, 4] -map. 
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We turn to interpreting conjugacy in terms of diagrams. 

Definition 4.5. An annular map M is a connected map such that M 2 — M has 
exactly two connected components. For a symmetrized subset R of F(a,b), 
an annular R-diagram is an .R-diagram whose underlying map is an annular 
map. 

Let M be an annular .R-diagram, and let K and H be, respectively, the 
unbounded and bounded components of M 2 — M. We call dK(c DM) the 
outer boundary of M, while dH(c DM) is called the inner boundary of M. 
Clearly, the boundary of M, DM, is the union of the outer boundary and the 
inner boundary. A cycle of minimal length which contains all the edges in the 
outer (inner, resp.) boundary of M going around once along the boundary of 
K (H, resp.) is an outer (inner, resp.) boundary cycle of M. An outer (inner, 
resp.) boundary label of M is defined to be a word 0(a) in X for a an outer 
(inner, resp.) boundary cycle of M. 

Convention 4.6. Since M is embedded in M 2 , each 2-cell of M inherits an 
orientation of M 2 . Throughout this series of papers, we assume, unlike the 
usual orientation convention, that IR 2 is oriented so that the boundary cycles 
of the 2-cells of M are clockwise. Thus the outer boundary cycles are clockwise 
and inner boundary cycles are counterclockwise, unlike the convention in [HI 
p.253]. 

The following lemma is a well-known classical result in combinatorial group 
theory. 

Lemma 4.7 ([HI Lemmas V.5.1 and V.5.2]). Suppose G = (X \ R) with R 
being symmetrized. Let u, v be two cyclically reduced words in X which are not 
trivial in G and which are not conjugate in F(X). Then u and v represent 
conjugate elements in G if and only if there exists a reduced annular R-diagram 
M such that u is an outer boundary label and v~ x is an inner boundary label 
ofM. 

The following lemma will play an essential role in the proof of Theorem 14.91 
below. This lemma is easily obtained from the arguments of [SI Theorem V.3.1]. 

Lemma 4.8 (cf. [HI Theorem V.3.1]). Let M be an arbitrary connected map. 
Then 

4 - Ah < J2 (3 - d M (v)) + ^ (4 - d M (v)) + ^ (4 - d M (D)), 

vEdM veM-dM DeM 
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where h is the number of holes of M , i.e., the number of bounded components 
ofM. 2 — M. In particular, if M is a [4, 4] -map, then 

vEdM 

Proof. We repeat the proof of a part of [6j Theorem V.3.1]. Put 
V = the number of vertices of M; 
E = the number of (unoriented) edges of M; 
F = the number of faces of M; 
V* = the number of vertices in dM; 

E' = the number of (unoriented) edges in dM, counted with multiplicity. 

To be more precise, E* means the number of (unoriented) edges on dM with 
an edge counted twice if it appears twice in the cycles necessary to describe 
the boundary of M . For example, the edge eo in each of Figure |3]^a) and 
Figure [3]^b) has to be counted twice in computing E', because e in Figure Eta) 
occurs twice in a boundary cycle of M and eo in Figure E^b) occurs in both 
inner and outer boundary cycles of M. However the vertex vq in each of 
Figure E](a) and Figure E^b) has to be counted only once in computing V . 




Figure 3. The edge e is counted twice in computing E', 
while the vertex vq is counted once in computing V. 

Since M has h holes, it follows from Euler's Formula that 
(f) 1 - h = V - E + F. 
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Putting d(v) = d M (v) for vertices v of M and d(D) = d M (D) for faces D of 
M, it is easy to observe that 

veM 

2E=J2 d(D) + E*. 

DeM 

These equations together with (f ) yield 

4 - Ah = 4V + AF - d ( v ) ~ E d ( D "> ~ E ' 

veM DeM 



= Y,(*-d(v))+Y t (*-d(D))-E' 

veM DeM 

= ( 4 - d ( v )) + E ( 4 - d («)) + E ( 4 - - E * 



i>G9M veM-dM DeM 

= (3 - + E ( 4 - + E ( 4 - d ( D » + v% - E '- 

vedM veM-dM DeM 

Note that 

V — E* <V* — E* = x(dM) = f3 (dM) - p^dM) < 0, 

where E' is the number of (unoriented) edges in dM (counted without mul- 
tiplicity), x denotes the Euler characteristic, and denotes the i-th Betti 
number. The last inequality follows from the fact that each component C of 
dM has a positive first Betti number, which in turn follows from the fact that 
M 2 — C is not connected. Hence, 

A-Ah< £(3-d(t,))+ (4-^))+E( 4 -^))' 

dG9M veM-dM DeM 

as required. The remaining assertion follows from the above inequality and 
the fact that if M is a [4, 4] -map then 

E ( 4 - d ( v )) < and ( 4 ~ ^ °- 

veM-dM DeM 

□ 

For a rational number r with < r < 1, let i? be the symmetrized subset of 
F(a, b) generated by the single relator u r of the upper presentation of G(K(r)). 
Our goal of the present section is to describe the structure of reduced annular 
i?-diagrams with u s and uf, 1 , respectively, as outer and inner boundary labels, 
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where u s and u s < (s, s' G Ii(r) U/ 2 (r)) are the cyclically reduced words in {a, b} 
obtained from the simple loops a s and a s > , respectively, as in Lemma 13.11 We 
obtain the following very strong structure theorem. 

Theorem 4.9 (Structure Theorem). Suppose that r is a rational number with 
< r < 1. Let R be the symmetrized subset of F(a,b) generated by the single 
relator u r of the upper presentation of G(K(r)) , and let S(r) = (Si, S2, Si, S2) 
be as in Proposition \3.8[ Suppose that M is a reduced annular R-diagram such 
that 

(i) the words 0(a) and <fi(5) are cyclically reduced; 

(ii) the words 0(a) and 0(5) are cyclically alternating; 

(iii) the cyclic S -sequences of the cyclic words (0(a)) and (0(5)) do not 
contain (Si,S 2 ) nor (S 2 ,Si) as a subsequence, 

where a and 5 are, respectively, arbitrary outer and inner boundary cycles of 
M. Let the outer and inner boundaries of M be denoted by o and r, respec- 
tively. Then the following hold. 

(1) The outer and inner boundaries a and r are simple, i.e., they are home- 
omorphic to the circle, and there is no edge contained in a Dr. 

(2) du(v) = 2 or 4 for every vertex v G dM. Moreover, on both a and r, 
vertices of degree 2 appear alternately with vertices of degree 4. 

(3) d]tf(v) = 4 for every vertex v G M — dM. 

(4) d M (D) = 4 for every face D G M. 

Before proving the theorem, we prepare the following lemma. 
Lemma 4.10. Under the assumption of TheoremU^ the following hold. 



(1) There is no face D in M such that dD (IdM contains three edges e\, e<i 
and e 3 such that e~i fl e 2 = {^i} and e 2 fl e 3 = {v 2 }, where d M (vi) = 2 
for each i = 1,2. 

(2) The outer and inner boundaries a and r are simple. 

Proof. (1) Suppose on the contrary that there is a face D in M and edges 
ei, e 2 and in dD fl dM satisfying the condition. Then ei, e 2 and e% form 
three consecutive edges in the outer or inner boundary cycle, say the outer 
boundary cycle a. On the other hand, we can see that 0(ei)0(e 2 )0(e 3 ) contains 
a subword w such that the S-sequence of w is (Si, S 2 , £) or (£, S 2 , Si), for some 
positive integer i, as follows. Let wq be the maximal 2-piece which forms a 
proper initial subword of 0(ei)0(e 2 )0(es). By using the classification of the 
maximal 2-pieces in [H Corollary 5.4] (cf. Lemma l3.15p . we can confirm the 
condition for all possibilities for wo (see the argument in the ending of the 
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proof of [U Theorem 6.3]). By the proof of [4J Corollary 6.4], this implies that 
the cyclic S'-sequence of (0(a)) contains (Si,S 2 ) or (S 2 ,Si). This contradicts 
the hypothesis (iii). 

(2) Suppose on the contrary that a or r is not simple. Then there is an 
extremal disk, say J, which is properly contained in M and connected to the 
rest of M by a single vertex. Here, recall that an extremal disk of a map M is 
a sub-map of M which is topologically a disk and which has a boundary cycle 
ei, . . . , e n such that the edges e%, . . . ,e n occur in order in some boundary cycle 
of the whole map M . But then, by Claim in the proof of [U Theorem 6.3], there 
is a face D in M such that dD D dM contains three consecutive edges ei, e 2 
and e3 such that e\ fl e 2 = {v %} and e 2 H e3 = {^2}, where duivi) = dj{yi) = 2 
for each i = 1,2, contradicting Lemma 14.10( 1). □ 

Proof of Theorem \4-9[ Note first that M is a connected annular [4, 4]-map by 
Corollary 14.41 By hypothesis (i), there is no vertex of degree 1 in dM. More- 
over, there is no vertex of degree 3 in dM, as is shown in the following. Suppose 
there is a vertex v G dM of degree 3. Then there are at most two faces which 
contain v. If there are two such faces, then one of 4>(a) and <fi(5) is not cycli- 
cally alternating, a contradiction to hypothesis (ii). If there is a unique such 
face, then by using hypothesis (ii), we see that the boundary label of the face 
is not cyclically alternating, a contradiction. Finally, if there is no such face, 
then this contradicts hypothesis (ii). Hence, no vertex in dM has degree 1 nor 
3, and so every vertex in dM must have degree 2 or at least 4. 
We argue two cases separately. 

Case 1. a n r = 0. 

In this case, (1) follows immediately from Lemma [4.10( 2). 

(2) Since dM is the disjoint union of a and r, Lemma [4.81 yields 

< ^(3 - d M (v)) + ^(3 - d M (v)). 

On the other hand, since a and r are simple by Lemma [4.10( 2) and since they 
are disjoint by the current assumption, every edge in a or r is contained in the 
boundary of a unique face of M. Thus Lemma [4.10( 1) implies that vertices of 
degree 2 do not occur consecutively on a nor on r. Hence, the above inequality 
holds only when duip) = 2 or (Im(v) = 4 for every vertex DGdUr and when 
vertices of degree 2 appear alternately with vertices of degree 4 on both a and 
r, thus proving (2). 
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(3)-(4) By (2), E„g9a/( 3 - d M (v)) = 0. This together with Lemma ECS 
yields 

o< (4-4(^+^(4-4(5)). 

veM-dM DEM 

Here, since 4 — cIm{v) < for every v G M — DM and 4 — cIm{D) < for 
every D G M by the definition of a [4, 4]-map, the only possibility is that 
4 — cIm(v) = for every vertex u G M — <9M and 4 — cIm{D) = for every face 
.D G M, thus proving (3) and (4). 

Case 2. a D r ^ 0. 

(1) Suppose on the contrary that o fl r contains an edge. As illustrated in 
Figure HI there is a submap J of M such that 

(i) J is bounded by a simple closed path of the form o\T\ y where <j\ C a 
and ri C r; 

(ii) J is connected to the rest of M by two distinct vertices, say v\ and v 2 , 
where a± fl T\ = {f i, ^2} and is an endpoint of an edge contained in 
uflT. Note that dj{v\) = duiyi) — 1 > 3 and dj(v 2 ) > 2. 

Since J is a connected and simply connected [4, 4]-map, Lemma [4.81 yields 

4< X)(3-dj(«))- 

Since dj(ui) > 3 and dj{v2) > 2, this inequality implies 

3< ^ (3-d»). 

vedJ— {«i,«2} 

On the other hand, since every vertex in 9 J — {^i, f 2} has degree 2 or at least 
4 and since degree 2 vertices cannot occur consecutively on o\ — {^1,^2} nor 
on t\ — {^1,^2} (see Lemma 14.10( 1)). 

v£dJ—{vi,V2} 

a contradiction. 

(2) -(4) By (1), a fl r consists of finitely many vertices in M. Then, by 
Lemma [4.10( 1). vertices of degree 2 do not occur consecutively on o nor on r. 

First suppose that a fl r consists of a single vertex, say vq. Cut M open at 
to get a connected and simply connected [4, 4]-map M' . In this process, the 
vertex vq is separated into two distinct vertices, say v' Q and v'q, in M' such that 
dM'{v'o),dM'{vo) > 2 and dM'{v' Q ) + dM'(v'o) = ^m( u q)- Then M' is bounded 
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FIGURE 4. A possible annular map M when a fl r contains an edge. 



by a simple closed path of the form o" t , where cr H r = {v' ,v'q}. Again by 
Lemma 14.81 

4< Yl &-d M >(v)). 

vedM' 

Considering that vertices of degree 2 do not occur consecutively on <Jq — {v' , v'q} 
nor on r — {v' ,v'q} (see Lemma 14.10( 1)). we see that only the equality can 
hold, and that the equality holds only when d,M'(v) = 2 or 4 for every vertex 
v G o"o U r — {v' ,v'q}, dM'(v'o) = 2 = d,M'{v'o) an d when vertices of degree 2 
appear alternately with vertices of degree 4 starting and ending with vertices 
of degree 2 on both <To — {v' Q , v'q} and r — {v' , v'q}. This implies that cIm(v) = 2 
or 4 for every vertex v G dM — {v }, cIm(vo) = 4, and that vertices of degree 
2 appear alternately with vertices of degree 4 on both a and r, thus proving 
(2). 

Since ^2 v& q M i(3 — cIm'(v)) = 4, Lemma 14781 yields 

o < J2 ( 4 - <M«)) + ( 4 - 

veM'-dM' DeAI' 

Here, by the definition of a [4,4]-map, 4 — dj^/(v) < for every vertex i> G 
M' — 9M' and 4 — d M >(D) < for every face D G M', we must have d M (v) = 
dwiy) = 4 for every vertex v G M' — dM' and o?m(-D) = dM'(D) = 4 for every 
face .D G M', thus proving (3) and (4). 

Next suppose that crflr consists of at least two vertices, say v i, . . . , v n , where 
n > 2 and where these vertices are indexed according as there is a submap Jj 
of M for every i = 1, . . . , n such that 
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(i) Ji is bounded by a simple closed path of the form a^i, where <7j C a 
and Tj C r; 

(ii) Jj is connected to the rest of M by two distinct vertices, say t>j and 
v i+1 , where cxj n n = {v h v i+1 } and where dj i (v i ),dj i (v i+1 ) > 2 and 
dj^Vi+i) + d Ji+1 (v i+ i) = d M (v i+ i) (taking the indices modulo n). 

Then each Jj is a connected and simply connected [4, 4]-map such that M = 
J\ U • • • U J n . Moreover a = G\ U • • • U a n and r = T\ U • • • U r n . The same 
arguments as for (M',v' ,v'q) above applies to each (Jj,fj,f i+1 ) to prove the 
assertions. □ 

Theorem 14.91 enables us to identify all possible shapes of the annular maps 
M. To describe the result, we define the outer boundary layer of an annular 
map M to be a submap of M consisting of all faces D such that the intersection 
of dD with the outer boundary of M contains an edge, together with the edges 
and vertices contained in dD. 

Corollary 4.11. Let M be a reduced annular [4, 4]-map satisfying the assump- 
tions of Theorem \4-9[ Then Figure\^d) illustrates the only possible type of the 
outer boundary layer of M, while Figure\5[b) illustrates the only possible type 
of whole M. (The number of faces per layer and the number of layers are 
variable.) 




Figure 5. 



Proof. Let vi, v 2 , ■ ■ ■ , v 2n be the vertices of the outer boundary a arranged in 
this cyclic order in a, such that dM(vi) is 4 or 2 according as i is odd or even 
(see Theorem 14.9( 1) and (2)). Let (1 < i < 2n) be the oriented edge in a 
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running from Vj to v j+i, where the indices are considered modulo 2n. Then, for 
each j (1 < j < n), there is a unique face, Dj, of M whose boundary contains 
the vertices v 2 j-i, v 2 j and v 2 j+i and the edges e 2j -i and e 2 j. Since d M (Dj) = 4 
by Theorem 14.9( 4). there is a unique vertex in dDj different from v 2 j-i, v 2 j 
and V2j+i- We denote it by v' 2 j, and let e' 2 j_ x ( res P- e 2j) be the oriented edges 
in dDj running from v 2 j-i to v' 2 j (resp. from v 2 j to v 2 j + i). Then the cycle 
e 2j-i, e 2 j, e^ 1 , is a boundary cycle of Dj. 

Claim 1. The unoriented edges determined by e\ and e' i+1 are distinct for 
every 1 < i < In, where indices are taken modulo 2n. 

Proof of Claim 1. Suppose this is not the case. Then we have e\ = for 
some i. Suppose first that e' 2 j = e 2 ~j+i f° r some j. Then the union of the 
closures Dj and Dj + i forms a neighborhood of v 2 j+i in M and hence, e 2 j, e 2 l+i 
and e' 2 j = e'^Xi are the only edges of M having v 2 j + \ as the terminal point. So 
dM(v 2 j+i) = 3, a contradiction to Theorem 14.9( 2). Next, suppose e / 2j _ 1 = e' 2 ~ l . 
Then v 2 j is contained in the interior of the closure Dj, and d 2 j_ x = e'^ 1 is 
the only edge of M having v' 2 j as the terminal point. So dM(v 2 j) = 1, a 
contradiction to Theorem 14.9( 3). □ 

Claim 2. e- is not contained in o for every 1 < % < 2n. 

Proof of Claim 2. We prove the claim when i = 2j for some integer j. (The 
remaining case can be treated by a parallel argument.) Suppose is con- 
tained in a. Then, since f 2 j+i is the terminal point of e' 2 j, the oriented edge 
e' 2 j is equal to e 2 j or e^ +1 . Since Dj is a planner 2-cell, e' 2j - = e 2 j cannot hap- 
pen. So we have e' 2 j = e 2 ^ +1 . Then v 2 j +2 is the terminal point of the oriented 
edges e 2 j + \ = e' 2 ~j , e 2 j +2 and e' 2 j_ 1 . Since e' 2 j_ x ^ e' 2 j by Claim 1 and since 
dM{v 2 j +2 ) = 2, this implies e! 2 j_ x = e 2 j +2 . In particular, v 2 j-i = v 2 j + z and 
therefore n = 1 or 2. By the above observations, we see that the boundary 
cycle e 2j _i, e 2j , e 2 ~\ e' 2j 1 _ l of Dj is equal to e 2j _i, e 2j , e 2j+1 , e 2j+2 . If n — 1, then 
we have j = 1 and the boundary cycle of D x is equal to e±, e 2 , e x , e 2 . This con- 
tradicts the fact that D x is a planner 2-cell. If n — 2, then the boundary cycle 
of Dj is equal to ei,e 2 ,es,e^ up to cyclic permutation and hence dDj = a. 
This contradicts the assumption that M is an annular diagram. □ 

Claim 3. For every 1 < j < n, the oriented edges e 2 j, e 2 j +1 , e' 2 j, e^+i are 
mutually distinct, and they are the only oriented edges of M which have v 2 j + \ 
as the terminal point. 
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Proof of Claim 3. This follows from Claims 1 and 2 and the fact that gJmC^+i) = 
4. □ 



Claim 4. Dj ^ Dh for every 1 < j ^ h < n. 

Proof of Claim 4- Suppose Dj = for some I < j ^ h < n. By Claim 2, 
e 2 j-i and tij are the only edges contained in o n <9.Dj, whereas e2/i-i and e2/i 
are the only edges contained in a D <9-Dfr. Thus we see e 2 j_i is equal to e2h-i 
or e2h- Since <r is simple and since j ^ h, this is impossible. □ 

Claim 5. v' 2 j is not contained in a for every 1 < j < n. 

Proof of Claim 5. Suppose v' 2 j is contained in a for some j. Then v' 2 j = v/~ for 
some 1 < k < 2n, and the oriented edges ek-i, e k l , e' 2 j_i, e' 2 l l have v' 2 j = Vk 
as the terminal point. Since these are mutually distinct by Claims 1 and 2, 
we have duivk) > 4 and hence k — 2h + 1 for some integer h. If h = j, then 
e 2 j is a loop based on vL = t>2j+i and hence ^(^2^+1) > 5, a contradiction. 
Similarly, we see h = j — 1 cannot happen. Hence we have v 2 j = v 2h+i, where 
/' / ./•./- 1- 

Note that in addition to e2h, e 2h+n e 2in e 2/i+i> the oriented edges e' 2 j_i and 
e' 2 j have v' 2 j = V2h+i as the terminal point. By Claims 1 and 2, this implies 
that the pair (e 2 j_i, ) is equal to (e' 2h , e' 2h l +1 ) or ( e 2h+i' e 2/J- We first show 
that (eLj, e 2i ) = ( e 2/i5 e 2/H-i) cannot happen. To this end, note that the 
2-cell D h (resp. Dj) lies on the left hand side of the oriented edge e' 2h (resp. 
e 2j-i)> by vhtue of Convention 14.61 So, if (e^-x, ) = (e' 2h , e' 2 ~h + i) holds, then 
e' 2 j_ x = e 2/l and hence we must have Dj = Dh- This contradicts Claim 4. So 
we may assume (e^-^e^" 1 ) = (ei^^, e' 2h ) . Then the initial point v 2 j + i of e' 2 ~ l 
is equal to the initial point v' 2h of e 2h . Similarly, we have v 2 j-i = v' 2h+2 . Thus 
we have shown that the identity v' 2 j = v 2 h+i implies the identities v' 2h = v 2 j+i 
and v' 2h+2 = V2j-i- By repeatedly applying this fact, we see that, for every 
integer k, v' 2 ^ k) = w 2 (i+fc)+i and v' 2{j+k) = v 2 (h-k)+i- Thus we can find a pair 
of integers j* and h* such that v' 2 j* = v 2 h*+i and h* = j* or j* — 1. However, 
this is impossible by the argument in the first paragraph of this proof. □ 

Claim 6. The unoriented edges determined by e\ (1 < i < 2n) are mutually 
distinct. 

Proof of Claim 6. Suppose this is not the case. Then e\ = e' k or e- = e! k x for 
some 1 < i < k < 2n. If e\ = e' k , then D^ = Dk> for some i' 7^ k' as in the proof 
of Claim 5, a contradiction. So we see e- = e' fc _1 . If necessary by inverting the 
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suffix, we may assume i = 2j for some integer j. By Claim 5, we see k — 2h+l 
for some integer h, and hence e' 2 j = e' 2h+l . Thus the terminal point v 2 j + i of 
e' 2 j is equal to the terminal point v 2 h+i of e^ +1 . Since a is simple, this implies 
j = h and hence e 2 j = e' 2 l+i, a contradiction to Claim 1 (or Claim 3). □ 

Claim 7. The vertices v' 2 j (1 < j < n) are mutually distinct. 

Proof of Claim 7. Suppose v' 2 j = v 2h for some 1 < j ^ h < n. Then e^j-i, e 27 > 
e 2h-i) ^2h have u 2j = as the terminal point. Since these oriented edges are 
mutually distinct by Claim 6 and since d,M{v' 2 j) = 2 or 4 by Theorem l4.9( 2) . (3) . 
we see that d,M(v 2 j) = 4 and that these are the only oriented edges having 
v 2j = v 2h as ^he terminal point. We can choose j and h, so that they are 
outermost in the sense that 1 < j < h < n (after a cyclic permutation of 
indices) and that the vertices v' 2 j = v' 2h and v' 2k (j < k < h) are mutually 
distinct. Then U2j<i<2/i-ie- is a simple loop. We show that e' 2 j, e' 2h _ x are 
contained in a boundary cycle of the annular diagram M. Suppose this is not 
the case. Then, by the above observations, there is a face, D, of M whose 
boundary cycle contains e' 2 j, e' 2h _ v By Claim 3, the edges e' 2 j +1 and e' 2h _ 2 
must be contained in dD. Since oIm(D) = 4 by Theorem 14.9( 4). a boundary 
cycle of D is given by e' 2j , e' 2J+l , e' 2h _ 2 , e' 2h _ x . So, h = j + 2 and v' 2j+2 is 
contained in the interior of D U -Dj+i- This implies that v' 2 j +2 is an inner 
vertex and dM{v' 2 j +2 ) = 2, a contradiction to Theorem 14.9( 3). Hence e' 2j -, e 2h _ x 
are contained in a boundary cycle of the annular diagram M, and in particular, 
v 2h-i, v' 2h = v' 2 j,v 2 j + i lie in the inner boundary of M successively. However all 
of them have degree 4. This contradicts Theorem 14.9( 2) □ 

By Claims 6 and 7, we see that a' := U^e^ is a simple loop and that 
a fid' = {v2j+i \ < j < n — 1}. Thus the outer boundary layer, J, of M is 
as illustrated in Figure EJ^a). By repeating the argument in the proof of the 
above claim to the closure of M — J, we obtain the desired result. □ 

5. Proof of the if part of Main Theorem 12.71 

Let p > 2 be an integer and suppose that two distinct elements s, s' G 
7i(l/p) U I 2 (l/p) satisfy s = q±/pi and s' = qi/(pqi — Pi), where (pi,<7i) is 
a pair of relatively prime positive integers. Let u s and u s > be the cyclically 
reduced words in {a, b} obtained from the simple loops a s and a s >, respectively, 
as in Lemma 13.11 To prove that the unoriented loops a s and av are homotopic 
in S 3 — K(l/p), it suffices to show that u s and u^, 1 are conjugate in G(K(l/p)). 
By Lemma 13.11 u s and u s > are cyclically alternating, and both have the initial 
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letter a. Since / s e Ii(l/p) Lil 2 (l/p), s has a continued fraction expansion 
s = [li, . . . ,l t ], where t > 1, (lx, . . . ,l t ) G (Z + )* and / t > 2 unless t = 1, such 
that either both li = p — 1 and t = 1 or both < l\ < p — 2 and t > 1. We 
consider two cases separately. 

Case 1. ?i = p — 1 and t = 1. 

In this case, s = — 1) and so s' = 1. Then S"(s) = S(u s ) = (p— l,p — 1) 
and ^(s') = ^(ms/) = (1,1). Let i? be the symmetrized subset of F(a,b) 
generated by the single relator ui/ p of the upper presentation of G(K(l/p)). 
By using the fact that S{l/p) = (p,p) and Lemma [331 we can make a reduced 
annular i?-diagram M consisting of one 2-cell as depicted in Figure [6] with the 
following properties: 

(i) <f)(a) is an alternating word with initial letter a; 

(ii) the S'-sequence of 0(a) is (p — l,p — 1). 

Here, a denotes the outer boundary cycle of M starting from v , where v is 
the vertex lying in both the outer and inner boundaries of M. It then follows 
from Lemma ISToT l) that <p(a) = u s . Also, if S denotes the inner boundary cycle 
of M starting from vq, then <p(5) is an alternating word with initial letter a -1 , 
and its associated 5-sequence is (1, 1). Here, recall from Convention 14.61 that 
a is read clockwise and 5 is read counterclockwise. Then by Lemma 13.5( 2). 
(f)(5) is a cyclic permutation of uf, 1 . Thus it follows from Lemma [4.71 that u s 
and m^ 1 are conjugate in G(K(l/p)). 




Figure 6. An annular i?-diagram M consisting of one 2-cell 

Case 2. < h < p - 2 and t > 1. 

By Lemma IBToT i). the sequence S(s) has length 2q 1 . Let Sj(s) denote the 
j-th term of S(s) for every integer 1 < j < 2q\. By Lemma [3.6( 2). Sj(s) = 
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s qi+j {s) for every 1 < j < q x . So S(s) = (si(s), . . . , s qi (s) si(s), . . . , s qi (s)). 
Here, since 7^ s G Ji U I2, each Sj(s) < p by Lemma [3.10( 2). For simplicity 
of notation, put 

a\ := si(s) — 1 and a, := Sj(s) for every 2 < j < g x . 

Then the sequence (a 1; a 2 , . . . , a qi ) = S(u s ) is symmetric by Claim in the proof 
of Lemma 5.3 in [I]. 

On the other hand, if Sj(s') denotes the j-th term of S(s'), then again by 
Lemma 13.6( 2) 

s ( s ') = • • • > s <7i( s ')> si(s'), . . . , s qi (s')). 

We now recall a few notation. For a real number t, let |_^J be the greatest 
integer not exceeding t, the greatest integer smaller than t, and \t\* be 
the smallest integer greater than t. Then, |_^J* = L^-J < \t\* f° r a non-integral 
real number t, whereas n — 1 = [n\ * < \n\ < \n\ * = n + 1 for an integer n. 
In particular, |Y| * is equal to [t\ * + 1 or [t\ * + 2 according as t Z or t G Z. 
We also note 

L-*J* = -[*T> L* + nJ* = |tJ* + " 

for every t G K and n G Z. 

By Lemma [3.6( 1). for every 1 <j < qx, 

Sj(s') = s^qJipqx - pi)) 

= \j(pqi -Pi)/li\* ~ [(3 ~ 1)(P9i -Pi)/?iJ* 

= Lip-iPi/ftJ* - L(j - !)p- (i - i)pi/?iJ* 

=p- r^weii* + r(j - 

For every j with 1 < j < qx, 

Sj(s') =p-{\jpi/qi\* + 1) + {[(j ~ l)pi/?ij. + 1) 

= p - ( Upi/ 91J * - L0' - x )pi/ 91J *) 

= P-«j(s) = P~%- 

For j = 1 , 

s 1 (s')=p-\ Pl /q 1 r + \or 

= p-(LpiMJ* + i) + i 

= p- LpiMJ* 

= p- biMJ*+ Loj* + i 

— p — si(s) + 1 = p — Oi 
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For j = q u 

s qi (s') =p-\p{\*+ \(qi - * 

= v - ( LpiJ* + 2) + ( L(?i - * + 1) 

= P- 1 - (biJ* - L(?i - !)Pi/9iJ*) 
= P-l-s gi (s) = p-a ft -l. 

It then follows that 

S(s') = (p-a 1 ,p-a 2 ,...,p-a qi - l,p - a u p - a 2 , . . . ,p - a qi - 1). 
Here, recall that (a x , a 2 , . . . , a 9l ) = S^Mr) is symmetric. So 

S(s') = (p-a qi ,...,p-a 2 ,p-a 1 - l,p - a qi , . . . ,p - a 2 ,p - ai - 1). 
Then 

CS(s') = ((p - a qi , . . . ,p - a 2 ,p - a x - l,p - a qi , . . . ,p - a 2 ,p - a x - 1)). 

Here, by Corollary 13.91 CS(s') is symmetric. Thus we finally have 

CS(s') = ((p -ax - l,p- a 2 ,...,p- a qi ,p- a x - l,p- a 2 ,...,p- a q J) 

= ((p - si(s), ...,p- s qi (s),p- Si (a), . . . ,p - s gi (s))). 

By using the fact that S(l/p) = (p,p) and Lemma |3~5| we make a reduced 
annular _R-diagram M consisting of q x 2-cells as depicted in Figure E^a) with 
the following properties: 

(i) 0(a) is an alternating word with initial letter a; 

(ii) the S'-sequence of 0(a) is the same as S(s). 

Here, a denotes the outer boundary cycle of M starting from Vq, where vq is a 
vertex lying in both the outer and inner boundaries of M. It then follows from 
Lemma [3.5( 1) that 0(a) = u s . Also, if 5 denotes the inner boundary cycle of 
M starting from t> , then (f)(6) is an alternating word with initial letter a -1 , and 
its associated cyclic S'-sequence is the same as CS(s'). Then by Lemma I3T5T 2). 
(f)(5) is a cyclic permutation of uf, 1 . Thus it follows from Lemma [4.71 that u s 
and uf, 1 are conjugate in G(K(l/p)). □ 

6. Proof of the only if part of Main Theorem 12.71 

We first note that the special case where p = 2 can be settled very easily as 
follows. In this case, G(K(l/2)) = (a,b\ U\/ 2 ) with uy 2 = aba~ l b~ l is the rank 
2 free abelian group with basis {a, b}. On the other hand, ii(l/2) U J 2 (l/2) = 
{0, 1}, and it is obvious that uq = ab is not conjugate to uf 1 = (ab" 1 )^ in 
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G(K(l/2)), so that a is n °t homotopic to ol\ in S 3 — K(l/2). Hence the only 
if part of Main Theorem 12.71 is valid when p = 2. 



Proof of the only if part of Main Theorem \2. 7[ As noted in the beginning of 
this section, we may assume that p is a positive integer with p > 3. For two 
distinct elements s,s' G ii(l/p) U I 2 (l/p), suppose that the unoriented loops 
a s and a s > are homotopic in S 3 — K(l/p). Then u s and w^ 1 are conjugate 
in G(K(l/p)). Let R be the symmetrized subset of F(a,b) generated by the 
single relator uy p of the upper presentation of G(K(l/p)). Due to Lemma H~Tl 
there is a reduced annular i?-diagram M such that u s and w^ 1 are, respectively, 
outer and inner boundary labels of M. Then we see that M satisfies the three 
hypotheses (i), (ii) and (iii) of Theorem 14.91 In fact, hypothesis (iii) follows 
from Lemma [3. 10( 1) and Remark 13. Ill 

Lemma 6.1. Suppose that ((&i, b 2 , ■ ■ ■ , b n ]) denotes the cyclic S -sequence of an 
outer boundary label of M. Then bi < p and the cyclic S -sequence of an inner 
boundary label of M is ((p — bi,p — b 2 , ■ ■ ■ ,p — b n )). 

We complete the proof of the only if part of Main Theorem 12.71 by assuming 
the above lemma. Note that the cyclic ^-sequences of arbitrary outer and 
inner boundary labels of M are CS(u s ) and CS^uf, 1 ) = CS(u s i), respectively. 
Putting CS(u s ) = ((&i, b 2 , ■ ■ ■ , b n )), Lemma 16.11 implies that CS(u s ') = ([p — 
bi,p — b 2 , ■ ■ ■ ,p — b n ]). In particular, CS(u s ) and CS(u s i) have the same length. 
Since the length of CS(u s ) is even or 1 according as s ^ or s = (see 
Lemma 13.6( 1) and Remark 13.71) and since s and s' are distinct, we see that 
s nor s' is 0. Hence we may write s = qx/pi and s' = q 2 /p2, where (pi,qi) is 
a pair of relatively prime positive integers. Then by Lemma [3.6( 1). we have 
n = 2qi = 2q 2 , so q\ = q 2 . Also by Lemma IBToT l). 
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J^bi = ^Si(s) = LpiJ * - L°J* =pi 



and similarly 



=i 



=1 



Hence p 2 = Y^iLiip ~h) = PQi — Pi, which implies that ?i/(pi +P2) = as 
required. □ 



It remains to prove Lemma [6.11 
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Proof of Lemma 16. il Let J be the outer boundary layer of M. Due to Corol- 
lary [HEJ J is depicted as in Figure [5]^a). Let a and 5 be, respectively, the 
outer and inner boundary cycles of J starting from t> , where t> is a ver- 
tex lying in both the outer and inner boundaries of J. Here, recall from 
Convention 14.61 that a is read clockwise and 6 is read counterclockwise. Let 
a = ei, e 2 , ■ ■ ■ , 62m and <5 _1 = e' x , e' 2 , . . . , e' 2m be the decompositions into ori- 
ented edges in d J. Then clearly for each j = 1, . . . ,m, there is a face Dj of 
J such that e 2 j-i, e 2 j, e' 2 ~ x , 6 2 ~\ are consecutive edges in a boundary cycle of 
D y 

Claim 1. For each 2-cell Dj, there are decompositions v 2 = f 2 bf 2e an d v 4 = 
v 4 bV 4e such that the following hold, where u\/ p = v 2 v 4 as in Lemma \3.1b\ and 
Vib and Vi e are nonempty initial and terminal subwords of V{. 

(1) If the cyclic word ((p(dDj)) is equal to then (0(e 2 j_i), 0(e 2 j), ^(e^ 1 ), 0(e 2 ji 1 )) 
is equal to (v 2e , v 4b , v 4e , v 2 b) or (v 4e , v 2 b, v 2e , v 4h ). 

(2) If the cyclic word (<p(dDj)) is equal to (u^ p ), then {4>{e 2 j), 0(ej/_ x ), 0(e 2 .j-i)> <t>(e' 2j )) 
is equal to (v 2e , v 4b , v 4e , v 2 b) or (v 4e , v 2 b, v 2e , v 4b ). 

Proof of Claim 1. We treat the case where the cyclic word (<f)(dDj)) is equal 
to (ui/p). (The other case can be treated similarly.) Since 0(e 2? _i)0(e 2:; -) 
is not a piece by Convention 14. 3[ it contains a maximal 1-piece as a proper 
initial subword, v. Assume that v is v 2b (resp. vl b ) (see Lemma 13.15( 1)). 
Since 0(e 2 j_i)0(e 2 j) is contained in a maximal 2-piece, this assumption to- 
gether with Lemma 13.15( 2) implies that 0(e 2 j_i)0(e 2j ) is t> 2 or v 4 , and hence 
S((f>(e2j-i)4>(e2j)) = (p). But, since s G Ii{\/p) U/ 2 (l/p), every term of the 
cyclic word (u s ) = (0(a)) is at most p — 1 by Lemma 13.10( 2) and by Re- 
mark [XTTJ This implies that the cyclic word (u s ) = (0(a)) cannot contain a 
subword whose S'-sequence is (p), a contradiction. Hence, the word v is equal 
to f 2e or v 4e by Lemma [3.15( 1). This together with Lemma [3.151 implies that 
(0(e 2j _i),0(e 2i )) = (v 2 e,v 4b ) or (v 4e ,v 2 b) accordingly. By applying a paral- 
lel argument to (0(e / 2 ^ 1 ), ^e-y-i)) anc ^ by using the fact that the cyclic word 
(4>(dDj)) is equal to (mi/ p ), we obtain the desired result. □ 

By Claim 1, there are positive integers £j and i\, for each 1 < % < 2m, such 
that S((f)(ei)) = (£i) and S'(0(e-)) = (£{) an d such that = p. Furthermore, 
they satisfy the following. 

Claim 2. For each 1 < j < m, the following hold. 

(1) S(0(e 2 ,_ 1 )0(e 2 ,)) = an^(0(e 2j _ 1 )0(e 2j )) = {^-xA 3 )- 
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(2) S , (0(e 2i )0(e 2 i+i)) = andS((j)(e' 2j )(f)(e' 2j+l )) = (£' 2j ,£ 2j+1 ), where 

the indices are taken modulo 2m. 

Proof of Claim 2. The first assertion immediately follows from Claim 1. To 
see the second assertion, note that Claim 1 implies that if 0(e 2j -_i) is a positive 
(resp. negative) word then 0(eL) is also a positive (resp. negative) word and 
0(eL_i) and 4>( e 2j) are negative (resp. positive) words. In particular, if 0(ej) 
is a positive (resp. negative) word then 0(eQ is a negative (resp. positive) 
word, i.e., 0(e») and 0(e-) always have "opposite signs". Now consider the 
S-sequence of 0(e 2 j)0(e 2 j + i). Clearly S'(0(e 2:/ )0(e 2:)+ i)) is either (£ 2 j + £ 2 j+i) 
or (£ 2 j,£ 2 j + i). We will show that only the latter is possible. 

Suppose on the contrary that S'(0(e 2: ,')0(e 2j ' + i)) is (£ 2 j + £23+1) for some j. 
Then 0(e 2j ) and 0(e 2 -, + i) share the same sign and hence 0(e' 2j ) and 0(e 2j+1 ) 
share the same sign by the above observation. So S((fi(e' 2 j)(j)(e 2 j +1 )) is (£ 2j - + 
£' 2 j + i)- By Lemma 13.10( 2) and Remark 13.114 (u s ) = (0(a)) cannot con- 
tain a subword whose S-sequence is (p). So £ 2 j + ^ 2 j+i < p. But then 
S{<P{e' 2j )<f){e' 2j+1 )) is (f 2; - + £' 2j+l ) = (2p - £ 2j - £ 2j +i) with 2p - £ 2j - £ 2j+l > p. 
If J = M, this contradicts the assumption that s' £ I\{l/p) U/ 2 (l/p), because 
every term of CS(s') = CS(u s i) has to be at most p— 1 again by Lemma r3.10( 2) 
and Remark 13.111 Also if J C M, then, as depicted in Figure EJ^b), e' 2:) - and 
e 2j+i are ^ wo consecutive edges in dD'j fl <5 _1 for some face Dj in M — J, but 
then (ui/p) contains a subword whose S'-sequence is (2p — £ 2 j — £23+1) with 
2p - £ 2j - £ 2j+l > p, contradicting CS{u x / p ) = ((p,p)). □ 

Therefore CS((j)(a)) becomes ([£1, £ 2 , . . . , £ 2m _i, ^ 2m )), and CS((j)(S~ 1 )) be- 
comes ([p — £i,p — £ 2 , . . . ,p — £2m-i,p — £2m))- If M = J, the proof of Lemma [6J] 
is completed. Now assume J C M. Let J\ denote the outer boundary layer of 
M — int(J). Then the cyclic S'-sequence of an arbitrary inner boundary label 
of Ji is ([£i,£ 2 , . . . ,^2m-i,^2m))- 11 M — J U J\, then s — s', a contradiction. 
Hence we must have J U J\ C M. Let J 2 denote the outer boundary layer of 
M — int(J U J\). Then the cyclic S-sequence of an arbitrary inner boundary 
label of J 2 is ([p - £ uP - £ 2 , . . . ,p - £ 2 m~i,P- 4m))- If M = J U J x U J 2 , the 
proof of Lemma [6.11 is completed. By the repetition of this argument, we are 
done. □ 



7. Topological proof of the if part of Main Theorem 12.71 

Consider the involution h of (S 3 , K(l/p)) as illustrated in Figure [71 Then 
h satisfies the following conditions. 
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(i) The automorphism h* of G(K(l/p)) = (a,b \ Ui/ P ) induced by h is given 
by h*{a) = a^ 1 and h*{b) = b~ x . 

(ii) h interchanges (B 3 ,t(oo)) and (B 3 , t{l/p)). 

We note that though every 2-bridge link K(r) admits an involution h satis- 
fying the first condition, h can be isotoped so that it also satisfies the second 
condition only when K(r) is equivalent to K(±l/p) for some p G Z + (see [1] 
and HOI). 



b 





r \ 


l 








i I 
















j 







(l)^ = 2A, 




Figure 7. The involution h 

The restriction of h to the bridge sphere S induces an automorphism, h#, 
of the curve complex of S, i.e., the Farey tessellation. 

Lemma 7.1. The automorphism h# is equal to the automorphism r defined in 
the introduction. Moreover, we have h#(c/d) = c/(cp — d) for every c/d e Q. 

Proof. Since and ay p , respectively, are the unique essential simple loops on 
S which are null-homotopic in B 3 — t(oo) and B 3 — t(l/p), the second condition 
on h implies that h\g interchanges and ay p , i.e., h# interchanges oo and 
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1/p. Let a - , be the Farey triangle (0,1/ (i — l),l/i) for i = l,...,p. Then 
{<7i, . . . , iT p } is equal to the set of Farey triangles whose interiors intersect the 
hyperbolic geodesic, £, joining oo with 1/p. Since h# preserves £, it preserves 
the set {o"i, . . . , <r p }, and hence h#(<Ji) = er p+ i_j. This implies that h# is equal 
to the automorphism r. 

Now set A = f ^ ^ ^ and consider the self-homeomorphism of S = 

(R 2 — 7?)/H induced by the linear transformation x t— > Ax of K 2 — Z 2 . Let 
Aft be the action of the self-homeomorphism on the Farey tessellation. Then 
A# is equal to r = h#. In fact, since 

Al 1 A=-(l V a f P ^ — f P 



o J V / V 2 / V 2 

we see that A# fixes and 1/p. Since det A = —1, this implies that A# is 
the reflection in the geodesic joining and 1/p. Hence A# = r = h#. Since 

A ( d j = ( d + pc j , we see /i # (c/d) = A # (c/d) = c/(cp - d). □ 



c / \ c 



On the other hand, the following lemma holds for the automorphism h* of 
G(K(l/p)). 

Lemma 7.2. For every slope s G Q ; h*(u s ) is conjugate to u s or uj 1 in 
G(K(l/p)). 

Proof. Since /i*(a) = a -1 and = b^ 1 , h*(u s ) is represented by an al- 

ternating word whose S'-sequence is equal to S(u s ). By Lemma |331 (2). any 
alternating word v with S(v) = S(u s ) is conjugate to u s or u' 1 in G(K(l/p)). 
Hence we obtain the desired result. □ 



Topological proof of the if part of Main Theorem\2. 7[ By Lemma I7TT1 a 



^c/ (cp—d) 



h(ct c /d)- On the other hand, by Lemma 17321 h(a c /d) is homotopic to a c /d in 
S* 3 — K(l/p). Hence a c /( cp _d) is homotopic to a c /d in S 3 — K(l/p). □ 
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